Abstract. We list the elliptic curves de ned over Q( p ?3) with good reduction away from the prime dividing 3.
Typeset by A M S-T E X and invariants j = c 3 4 k = c 2 6 ; related by the syzygy k = j ? 1728. For the behaviour of the auxiliary coe cients under change of co-ordinate, see the references cited above. The covariants c 4 , c 6 and depend only on the scale factor in a change of co-ordinate, with weights 4, 6 and 12 respectively; j is invariant under any change of co-ordinate. We assume that K has characteristic zero. Proof. Suppose that E is in Weierstrass form (1.1): a subgroup of order 3 is of the form H = O; P where P = (x; y), ?P = (x; ?a 1 x ? a 3 ) and x is a root of (1.2). Since H is de ned over K, we must have x 2 K, and since y is a root of (1.3), y is at worst quadratic over K. Change co-ordinates so that P = (0; y) and a 1 = a 3 = 0: then E has an equation and P = (0; p a 6 ). Twisting by a 6 , that is, changing Y to Y p a 6 , we may assume that P is de ned over K: twisting does not change the j-invariant. Now translate P to the origin by a further change of co-ordinates. E has an equation Making the substitution Z= 3Y + b, and substituting from (1.2) the result follows.
(This result was probably known to Cayley, but we were unable to nd any reference.)
The next result is a weak form of the "criterion of Neron/ Ogg/ Shafarevich" (see Serre/ Tate 10]), but follows directly from Proposition 1.3. Proposition 1.4. If an elliptic curve E is de ned over a number eld K, then the extension of K by the X-coordinates of the points of order 3 on E is rami ed only at primes dividing 3 and .
Extension by a subgroup of order 3.
In this section we study the extension of Q( Proposition 2.1. Every pure cubic extension of K rami ed only at has classnumber one.
Proof. Let L be a pure cubic extension of K rami ed only at . L must be of the form L = K In each case, we examine rational primes up to 13 and exhibit a principal generator: since L=K is Galois, it su ces to nd a generator for one of the prime factors.
In K we have (2), (5), (11) The extension L=K is not Galois, since the prime factors of have di erent rami cation indices: let B be the Galois closure of L over K. Then B contains all the roots of the 3-division equation (1.1) for E, and hence B contains the splitting eld C for the resolvent cubic of the quartic (1.1). By Proposition 1.3, the resolvent cubic is of the form A 3 = where is the discriminant for a model of E. Since K contains the cube roots of unity, C is cyclic over K of degree 3, so that the degree B : K] = 12 and the Galois group Gal(B=K) = A 4 . Now consider the factorisation of in B: it must be of the form
where eg j 12, 3 j e and g 2. The only possibilities are therefore e = 3, g = 2 or g = 4; e = 6, g = 2. We shall show that none of these is tenable.
If e = 6, g = 2, then in the extension B=L, the factorisation of P; Q is P Now B=K is unrami ed away from 3, by Proposition 1.4, so B=C is unrami ed, and the class-number of C is divisible by 4. By Proposition 2.1, every pure cubic extension C of K has class-number 1, a contradiction.
So L=K cannot be wildly rami ed. 3. Listing the curves. Proposition 3.1. An elliptic curve over K with good reduction away from has additive reduction at .
Proof. Let E be such a curve. We shall show that the invariant j = j E is integral. By Proposition 2.3, E has a subgroup of order 3 de ned over K: let E0 be the isogenous curve. By Theorem 1.2, j and j0 = j E0 can be expressed as j = j( ) = ( + 27)( + 3) 3 ; j0 = j( 0) where 2 K and 0 = 729. Since E and E0 are isogenous, they have the same reduction type. We may assume j 6 = 0; 1728, otherwise the result is immediate.
We show rstly that j is integral away from . Suppose not, and let q be a prime other than such that q (j) 6 = 0. Interchanging E and E0 if necessary, we may assume q (j)0. But then E would have bad reduction at q of multiplicative type, a contradiction. by the binomial theorem, the sum convergesadically, so that ! z is a cube in the completion K , and hence in K. For all the twisted curves we used Tate's Algorithm 14] to nd a minimal equation and the reduction type of the curve: for each value of j there is in fact always at least one curve with good reduction except at , and exactly one except in the case j = 0 (this also follows from Propositions 2. with good reduction away from the prime dividing 3. The minimal models, together with the reduction type and exponent of the conductor, are given in Table 2 .
Cremona 3] Table 3 .4.3 gives a list of elliptic curves over K with small conductor and small coe cients; his table is consistent with ours.
We could also list the elliptic curves over Q with good reduction away from (3), since such a curve necessarily has good reduction away from over K. The only possible values for j are then 0 or ?12288000 = ?3:160 3 . These curves have been found by Coghlan 2] and are listed in Birch/Kuyk 1] Table 4 ; there are eight isomorphism classes of such curves, which become isomorphic in pairs over K.
